Introduction
This paper is a follow-up of a recent paper of PierCarlo Craighero and Remo Gattazzo [CG] in which a new construction of a numerical Godeaux surface was given. Recall that a numerical Godeaux surface is a minimal surface V of general type with zero geometric genus p g and K 2 V = 1. The surface is obtained as a minimal resolution of a quintic surface in P 3 with four simple elliptic singularities of type z 2 + x 3 + y 6 = 0. In this paper we show that the surface is simply connected and we also find its birational model as a double plane branched along an irreducible curve of degree 10 with five singular points of type (3, 3) and one quadruple ordinary singular point. Previous examples of such a curve ( [R] , [St] ) lead to classical Godeaux surfaces (with fundamental group of order 5). A reducible curve of this kind was constructed earlier by F. Oort and C. Peters [OP] and the second author [W] . The corresponding double cover is birationally equivalent to a numerical Godeaux surface with fundamental group Z/4Z and Z/2Z, respectively.
Recall that {1}, Z/2Z, Z/3Z, Z/4Z, Z/5Z are the only possible values for the torsion group of a numerical Godeaux surface. The first (and the only) construction of simply connected surfaces of general type with p g = 0 was given by R. Barlow [B] . Although Barlow's surfaces are numerical Godeaux surfaces they are not isomorphic to the surfaces of Craighero-Gattazzo. In particular the Craighero-Gattazzo surfaces are the first examples of simply connected surfaces with p g = 0 and ample canonical class. We prove this by showing that the surfaces contain no smooth rational curves with self-intersection (−2); however each Barlow surface contains four such curves. In [CL] , F. Catanese and C. LeBrun prove that the Barlow surface can be deformed to a surface with ample canonical class. It is possible that Craighero-Gattazzo surfaces are deformation equivalent to Barlow surfaces.
Recently F. Catanese has announced a new construction of a family of simply connected numerical Godeaux surfaces. We do not know whether our surfaces belong to his family.
Finally the first author would like to thank E. Stagnaro for bringing to his attention the paper of Craighero and Gattazzo, and also M. Reid for useful discussions. Both authors thank J. Keum for his careful reading of the manuscript and many constructive comments.
The Quintics
Consider the following projective automorphism of P 3 :
σ : (X, Y, Z, T ) → (T, X, Y, Z).
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Its order is four and its fixed points in P 3 are P 0 = (1, 1, 1, 1), P 1 = (1, i, −1, −i), P 2 = (1, −i, −1, i), Q 0 = (1, −1, 1, −1).
The set of fixed points of σ 2 : (X, Y, Z, T ) → (Z, T, X, Y )
is equal to the union of two lines r = {X + Z = Y + T = 0} =< P 1 , P 2 >, r ′ : {X − Z = Y − T = 0} =< P 0 , Q 0 > .
We are looking for a quintic surface which is invariant with respect to σ and has simple elliptic singularities of degree 1 locally isomorphic to z 2 + x 3 + y 6 = 0 (tacnodal points) at the reference points a 1 = (1, 0, 0, 0), a 2 = (0, 1, 0, 0), a 3 = (0, 0, 1, 0), a 4 = (0, 0, 0, 1).
It is easy to check that any homogeneous polynomial F 5 (X, Y, Z, T ) of degree 5 which is invariant with respect to σ and has degenerate critical points of multiplicity 2 at the points a i must look like (aT + bZ + Y ) 2 X 3 + (aX + bT + Z) 2 Y 3 + (aY + bX + T ) 2 Z 3 + (aZ + bY + X) where u 3 + u 2 − 1 = 0, the surface has the required singularities (see [CG] ). Also, the σ−invariance implies that F 5 vanishes at Q 0 and is identically zero along r.
Let S be the surface in P 3 given by the equation F 5 = 0 and let π : V → S be a minimal resolution of singularities. Let E i = π −1 (a i ). By the adjunction formula,
where H is a hyperplane section of the quintic. Since the points a i are not coplanar,
Now one checks that the pencil of quadrics
defines the bicanonical linear system on V . It follows from the classification of algebraic surfaces that V is of general type. Noether's inequality together with p g (V ) = 0 imply that the irregularity q(V ) of V is also equal to zero. We also see that the pencil λY T + µXZ = 0 has four smooth base points, plus the singular points of the quintic. Thus the bicanonical system has no fixed part on the canonical model, therefore no fixed part on the minimal model. This implies that V is minimal.
We have
This gives K 2 V = 5 − 4 = 1, thus V is a numerical Godeaux surface.
From quintic to double plane
In this section we shall find a double plane model of the surface V . Let R = π −1 (r) (3.1) be the inverse image of the line lying on S which is fixed by the involution σ 2 . This is a smooth rational curve on V . Since the line r does not contain the points a i , we have
Consider the linear system |π
This is the pre-image of the pencil of plane quartic curves cut out on S by planes through the line r. We have
Thus |π * H − R| is a pencil of curves of genus 3. The line r ′ intersects S at 5 points. Let
be the set of the corresponding points on V . They are isolated fixed points of σ 2 on V . The point Q 0 is fixed by σ. The other two fixed points of σ on V lie on R.
Let a : V ′ → V be the blowing up of the points Q 0 , Q 1 , . . . , Q 4 . The involution σ 2 acts on V ′ with the set of fixed points equal to the union of the curve
and the curves
be the canonical projection. The surface F is nonsingular. Proof. We have
This implies that the image of p * (2K F ) on V is equal to 2K V − 2R. But the linear system |2K V − 2R| is empty since no quadric from the pencil λY T + µXZ = 0 contains the line r. This implies that |2K F | = ∅, hence F is rational.
Each fiber in the pencil |π * H − R| is invariant with respect to σ 2 . Its general member intersects the ramification locus of the projection p : V ′ → F at four points lying on R, so the quotient (π * H − R) /σ 2 is a curve of genus 1. Thus |π * H − R| defines an elliptic pencil |B| on F .
Let us compute the topological Euler-Poincarè characteristic e(F ) of the surface F . By Noether's formula 12(1 − q + p g ) = K
2 + e, we have e(V ) = 11. Thus e(V ′ ) = 16 and the formula e(V ′ ) = 2e(F ) − e(R 0 + . . .
Since p g (F ) = q(F ) = 0, we must have K 2 F = −2. Now observe that the elliptic curves E i on V form two orbits with respect to σ 2 . LetĒ 1 andĒ 2 be the two elliptic curves on F representing these two orbits. Since each E i does not intersect a general member of |π * H − R|, the curvesĒ 1 ,Ē 2 are contained in fibres of |B|. AlsoĒ 2 i = −1. Since for any minimal elliptic surface X we have K 2 X = 0, a relative minimal model of F is an elliptic surface F ′ with e(F ′ ) = 12. This implies that F is obtained from F ′ by blowing up two points. Let B We next consider the linear system |3K V − R|.
Proposition 3.2. |3K V − R| is a pencil of curves of genus 2, without fixed part.
The tricanonical linear system defines a σ 2 -equivariant rational map from V to P 3 . Since σ 2 is identical on R, the image of R is contained in the fixed locus of σ 2 in P 3 . This fixed locus is the union of two skew lines or the union of a plane and a point. Since the preimage of this fixed locus on V is equal to R plus five isolated points, we see that the fixed locus in P 3 cannot be a plane. Also R is not mapped to a point, thus the image of R is a line and hence the restriction of |3K V | to R is a pencil. By considering the exact sequence
It follows from (3.2) that
by the adjunction formula, the genus of the pencil is two. We next show that this pencil has no fixed part. Assume there is a fixed part F , with
Intersecting both sides of (3.8) with K V , we obtain K V · M ≤ 2. The moving part |M | must have genus two, so M · K V = 1 and M 2 = 1, or M · K V = 2 and M 2 = 0. Intersecting both sides of (3.8) with M gives
Since |M | is obviously σ 2 -invariant, and σ 2 has isolated fixed points, each member of |M | is σ 2 -invariant. Since its genus is 2, σ 2 has 2 or 6 fixed points on a general member. This gives M ·R = 6 or M ·R = 2. The first case immediately gives M 2 = 0 and M ·F = F 2 = 0. This contradicts the assumption that F = 0. Assume M · R = 2. Since M · F > 0, this is possible only if
It is easy to see that this implies that F is the sum of four disjoint (−2)-curves each intersecting M with multiplicity 1. None of them is σ 2 -invariant (otherwise the intersection point with each member of |M | is σ 2 -invariant). Thus σ acts transitively on the components of F , so that none of them contains a fixed point of σ 2 . However this contradicts the fact that F · R > 0.
Lemma 3.3. Let τ be an involution on a smooth surface X, and let W be a onedimensional irreducible component of the locus of fixed points of τ . Let C = W be an irreducible τ -invariant curve on X which intersects W at a point x. Then either mult x (C, W ) = 1 or x is a singular point of C. If x is an ordinary node of C, then mult x (C, W ) = 2. If x is an ordinary cusp point of C then mult x (C, W ) = 3.
Proof. Since τ acts identically on W , it acts identically on the tangent space T (W ) x . If x is a nonsingular point of C and C is tangent to W at x, then τ acts on the tangent space T (C) x = T (W ) x identically. This of course implies that τ acts identically on C. However this contradicts the fact that the locus of fixed points of τ is smooth. Assume that C has a node; then τ switches the tangent directions at the two branches, so each branch intersects W with multiplicity 1. If C has a cusp at x, then the cuspidal tangent direction coincides with the tangent direction of W at x, so mult x (C, W ) = 3.
Lemma 3.4. Let σ be an involution on a nonsingular surface X. Let C be a σ-invariant curve on X on which σ does not act identically. Assume that C passes through k isolated fixed points p i of σ on X. Then
Proof. Let X ′ → X be the blowing up of isolated fixed points of σ andC be its proper inverse transform. LetX = X ′ /(σ). This is a nonsingular surface andC is equal to the pre-image of a curve on it not contained in the branched locus of the projection X ′ →X.
Lemma 3.5. Let Σ = {Q 0 , . . . , Q 4 } be the set of isolated fixed points of σ 2 . Let D be a member of the pencil |3K V − R| such that Σ ∩ D = ∅. Then one of the following cases occurs: Proof.
is the union of two irreducible curves of arithmetic genus 1 with
where N is the union of (−2)-curves and K V · A = 2. The latter equality shows that A has at most two irreducible components. For any component
If A is an irreducible curve of arithmetic genus 2, then A 2 = 0 and D = A. By Lemma 3.3, D has either six fixed points of σ 2 on R, or D has a node along R and four additional fixed points on R, or two nodes and two additional fixed points, or a cusp along R and three additional fixed points from R, or 2 cusps and no fixed points on R. Since D has at least one fixed point away from R it is easy to see that σ 2 acts on the normalization of D with an odd number of fixed points. This obviously contradicts the Hurwitz formula.
A similar argument shows that D cannot be irreducible and reduced of arithmetic genus less than 2.
Thus A is reducible or multiple. Observe that D, and hence A and N , are σ 2 -invariant. Since a nonsingular rational component of A has at most two fixed points, the equality A · R = 6 shows that A cannot consist of two nonsingular rational components. Also if C is a nonsingular rational component of A, then the remaining component C ′ must satisfy K V · C ′ = 1 and hence must be of arithmetic genus 1. Since R · (C + C ′ ) = 6 the rational component C must have two distinct intersection points with R (Lemma 3.3) and no more fixed points of σ. Since C 2 = −3 is odd this contradicts Lemma 3.4. Thus each irreducible component of A is of arithmetic genus 1. Notice that since A · R = 6, we must have two irreducible components A 1 and A 2 which of course may coincide. Obviously, each A i is σ 2 -invariant. By Lemma 3.4 each A i contains an odd number of nonsingular points from Σ. Since (A 1 + A 2 ) · R = 6 and A i · R ≤ 4, we obtain that each A i contains exactly one nonsingular point from the set Σ.
Case 1: A 1 = A 2 , A 1 · A 2 = 0. In this case A 1 and A 2 have a common point from Σ and
Case 2: A 1 = A 2 , A 1 · A 2 = 0. As above we obtain that each A i intersects N at one point. This point must be one of the points Q i . Since 0 = (
. . , N k be the irreducible components of N such that N 1 intersects A 1 and N k intersects A 2 . Clearly, N 1 and N k are σ 2 -invariant. If k > 1,i.e. N 1 = N k , each N i contains an additional point from Σ. We know that the image of Σ in S lies on the line r ′ . Since N · K V = 0, N 1 and N k must be components of a member of the pencil |2K V |; this system corresponds to quadrics in P 3 , which can intersect the line r ′ in at most two points. Therefore N 1 ∪ N k must have at most two points from Σ. This contradiction shows that N 1 = N k and hence N is a single (−2)-curve. This gives us case (iii).
Case 3:
The last equality shows that N consists of at least two irreducible components. It cannot consist of two components N 1 and N 2 with N 1 · N 2 = 1. Indeed, write N = mN 1 + nN 2 to get
It is easy to see that N 2 cannot be equal to −4. So, N = N 1 + N 2 , where N 1 · N 2 = 0 as in case (ii), or N contains more than two irreducible components. It remains to exclude this case. Observe that D is not σ-invariant since otherwise A 1 is σ-invariant and hence has two fixed points of σ (it is an easy fact that which follows from the Hurwitz formula that any involution of order 4 on an irreducible curve of arithmetic genus 1 has 2 fixed points). Let D 1 , . . . , D k be the divisors from |3K V − R| which contain points of Σ and let r i be the number of irreducible components of D i . Since b 2 (V ) = rk Pic(V ) = 9, we have i (r i − 1) ≤ 7. If our N contains more than three components, D and σ(D) will contribute at least 4 + 4 to this sum which is too much. Since D is σ 2 -invariant, N must be supported on the nodal cycle N 1 + N 2 + N 3 of type A 3 with N 1 and N 3 intersecting A. Moreover N 2 must be σ 2 -invariant and hence contains two points from Σ. Thus D contains three points from Σ, and σ(D) contains three more points from Σ which is too many.
This proves the assertion.
Corollary 3.6. In the notation of the previous lemma, let
Then one of the following cases occurs:
Moreover, the unique σ-invariant divisor, say D 1 , is of type (i). Proof. Since Σ consists of five points, and each divisor D i contains at most two points from Σ, we have 5 ≥ k ≥ 3. Assume k = 5. Then each D i is of type (i) or (ii). Let r i be the number of irreducible components of D i . As we already noticed in the previous proof, i (r i − 1) ≤ 7. This implies that we have at most two divisors D i of type (ii). If there is only one D i of type (ii), then it is necessary σ-invariant. But then each of the rational components of D i is σ 2 -invariant. Since it does not intersect R and does not contain points from Σ, we get a contradiction. This gives us two cases (i) and (ii) with k = 5.
Assume k = 4. Then exactly one of the divisors D i must contain two points from Σ, and hence it must be of type (iii) and σ-invariant. But then its rational component must be invariant and contain two isolated fixed points of σ. This is impossible since we have only one such point. So this case does not occur.
Assume k = 3. Then we must have two divisors of type (iii). The third divisor cannot be of type (ii) since otherwise it is σ-invariant, and we have already seen that this is impossible. Proof. We shall employ the notation from the proof of Proposition 3.1. Let B be the pencil of elliptic curves on F = V ′ /(σ 2 ) whose general fibre is the quotient of the general fibre of |π * (H) − R| by (σ 2 ). Let |D| be the pencil of rational curves on F whose general fibre is the quotient of the general fibre of |3K V − R| by (σ 2 ). It folows from (3.2) that
1 ∈ |B| be one of the two non-minimal fibres of the elliptic fibration defined by |B|. The curve B ′ 1 is the exceptional curve of the first kind and the pre-image ofĒ 1 is the union of two elliptic curves E 1 and E 3 on V . Since (
1 is a section of the pencil |D|. Now consider the divisors D i , i = 1, . . . , k, from |3K V − R| which contain a point from the set Σ of isolated fixed points of σ 2 . Lemma 3.5 and Corollary 3.6 describe these divisors.
LetD i denote the corresponding divisor in |D|.
2 are exceptional curves of the first kind, andR
.
is the image of the orbit of (−2)-curves
Finally if D i is of type (iii),
with the similar notation. 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 (iii)). This is because the planes X + Z = 0 and Y + T = 0 do not contain points from Σ.
For each i = 1, . . . , k, let E i be the divisor chosen as follows. If D i is of type (i) or (ii),
It is easy to see that starting from the curveĀ
1 we can blow down the divisor E i to a nonsingular point. Using Corollary 3.6, it is easy to check that the union of the divisors E i , i = 1, . . . , k, is an exceptional divisor with 10 irreducible components which can be blown down to k distinct nonsingular points. Let α : F →F be its blowing down. It follows from (3.7) that e(F ) = 4, henceF is a minimal ruled surface. Since each E i is a part of a member of the pencil |D|, the image of |D| onF defines a ruling
It is clear that the curve B This implies thatF is the minimal ruled surface F 1 . We can blow down the curve L to arrive at P 2 . Since we have blown down all the curvesR (i) j , our surface V is birationally isomorphic to the double plane branched along the curve W equal to the image of the "line" R. The imageR of R on F has self-intersection −6. It intersects each E i at the curveĀ
1 with multiplicity 3 and intersects the curve L with multiplicity 4. When we blow down E i we increase the self-intersection by 18. When we blow down L it increases by 16. Using Corollary 3.6 we see that in any case we increaseR 2 by 106, and hence W 2 = 100, i.e. W is a curve of degree 10. It has a quadruple point at the image of L. It has a triple point with one infinitely near triple point at the image of E i . Applying Corollary 3.6 we get the assertion about the degree and the singularities of the branch curve W .
It remains to check the assertion about the elliptic pencil. As the reader can already guess this must be the image of the pencil |B|. First of all, we have already noticed that B · D = 4. This means that the image of |B| on F 1 intersects the ruling with multiplicity 4. This implies that the imageB of B on P 2 is a pencil of elliptic quartics. Let D 1 be the unique σ-invariant divisor among the divisors D 1 , . . . , D k . We know from Corollary 3.6 that it is of type (i). A general member B of the pencil |π * (H) − R| intersects each D 1 = A 1 +A 2 ∈ |3K V −R| with multiplicity 4. Since σ(A 1 ) = A 2 and σ(π
, and hence
Thus when we blow down E 1 the image of B in P 2 acquires a double point at p 0 and a double point at p ′ 0 . There are no more singular points for a general member of |B|. So B intersects each E i with multiplicity 1. This gives us the assertion about the pencil |B|. The assertion about the conic follows easily from computing the canonical class of the double plane (see the proof of Theorem 4.1).
It remains to pay our debt by checking that case (iii) in Corollary 3.6 does not occur. Suppose D i is of type (iii); we claim that B ′ 1 does not intersect E i in this case. Suppose it does. Then we still can blow down the divisors E 1 , E 2 , E 3 to arrive at a minimal ruled surfaceF . The imageB
1 onF is a section with positive self-intersection. Its divisor class onF is equal to nf + s, n = 0, where f is the class of the fibre and s is the class of the exceptional section. Recall that R ′ = R/(σ 2 ) is a multi-section of the pencil |D| of degree 6. So the imageR of R ′ onF intersects f with multiplicity 6. This gives to obtain the plane model of F . The image of the pencil |B| is again a pencil of quartics. Thus the self-intersection of B must decrease by 16. When we blow-down E 1 and B ′ 1 we decrease it by 8. Thus E 2 and E 3 must contribute the remaining 8. Since the general member ofB has only two singular points which give a tacnode at the image of E 1 , we see that B · E 2 = B · E 3 = 1. We also know that B does not intersect the components R (i) j . This easily gives that B 2 decreases by at most 3 + 3 = 6, a contradiction. Thus, all the assertions of the theorem have been checked, and we obtain that case (iii) in Corollary 3.6 does not occur.
Remark 3.8. Recall that the elliptic pencil |B| on F contains two reducible members
2 . The image ofĒ 1 is a quartic from the pencil |B| passing through q. The curve B ′ 1 is of course blown down to q. The image ofĒ 2 , the orbit of E 2 and E 4 , is a cubic curve which passes simply through the points p i , p Remark 3.9. We shall later show that also the case (ii) in Corollary 3.7 does not occur for the surfaces which we are considering. It is quite possible that cases (ii) and (iii) occur for some genus 2 pencil on a numerical Godeaux surface. Observe that the case (iii) corresponds to the degeneration when, say p 1 = p 2 and p 3 = p 4 . The case (ii) corresponds to the degeneration when the points q, p i , p ′ i become collinear. . Remark 3.10. We can also realize V as a double cover of P 1 × P 1 as follows. Consider the linear system |4K V − R|; we have
Thus |4K V − R| is a linear system of genus five curves. One checks that this is a pencil with five base points, which are exactly the points Q 0 , Q 1 , . . . , Q 4 fixed by the involution σ 2 . We know that the members of |3K V − R| passing through these points contain pairs of elliptic curves A i + A ′ i . Thus these two pencils define a double cover V → P 1 × P 1 . This map blows up the base points of |4K V − R| to rulings of P 1 × P 1 and contracts the elliptic curves to pairs of points on these fibres (for details, see [R] ). In case (ii) of the Lemma, we have
for a member of |3K V − R|; in this case the pair of points on the corresponding fibre are infinitely near.
thus the rational curve R is mapped to a curve of bidegree (6, 7) with pairs of triple points on the five special fibres of |3K V − R|. This curve on P 1 × P 1 can then be birationally transformed into a degree ten plane curve as in the theorem.
From double plane to quintic
One can reverse the previous construction. Proof. It is rather standard. Let π : F → P 2 be the blowing-up of points q, p i , p ′ i , i = 0, . . . , 4. Then
where h is the pre-image of a line,
We take the double cover p : V ′ → F branched along the nonsingular divisor
Then, we have
It follows that
(otherwise there would be a conic through the points q, p i ), we obtain
On the other hand,
since it contains the positive divisors equal to the sum of the curves Z i and the proper transform of a quartic curve C 4 from the pencil of quartics passing simply through the points p i , p ′ i and with multiplicity 2 at q. The curvesĀ i = p * (Z ′ i ) are elliptic curves with self-intersection −2. The curves R i = p * (Z i ) are exceptional curves of the first kind. Blowing down the curves R i we get a surface V with
Together with the property h 0 (2K V ) = 0, this shows that V is a surface of general type with
It is also minimal. In fact any exceptional curve of the first kind intersects 2K V negatively, hence must be a component of the image on V of the proper transform of any quartic curve C 4 from above. It is easy to see that the pencil of such quartics does not have base components. Thus V is a numerical Godeaux surface.
be the proper transform on F of the line l, and C 2 = Z. The pre-image on F of the elliptic pencil formed by the quartic curves is equal to
we have
are elliptic curve on F of self-intersection −1 which are disjoint from the branch divisor W ′ . They are equal to the proper transforms of the cubic curve C and the quartic Q, respectively. Under the double cover p : V ′ → F they are split into the disjoint sum of two elliptic curves with self-intersection −1 , p
On the other hand, we have
Comparing, we get that
where
| is the pencil of curves originating from the pencil of quartic curves. Blowing down the exceptional curves p * Z i , we get
where E i , D are the images of E ′ i , D ′ , and R is the reduced pre-image ofW . Clearly, R is a nonsingular model of our branch curve of degree 10. Since the genus of the latter is zero, R must be isomorphic to P 1 . Let us denote the linear system |R + D| by |H| and prove that |H| maps V birationally onto a normal quintic in P 3 .
We immediately check that D · R = 4, hence |D| is a pencil of curves of genus 3. Since
From this it follows that
This immediately implies
Since we know that p g (V ) = q(V ) = 0, by Riemann-Roch
Now the exact sequence
The complete linear system does not have base points. In fact, since H = D + R, where |D| is a base-point-free pencil, any base point of H belongs to R. But H · R = 1 and the exact sequence
shows easily that |H| cuts out a pencil on R. This checks that there are no base points on R. Now the linear system |H| defines a regular map f : V → P 3 . Since H · E i = 0, it blows down the curves E i . Since H 2 = 5 is a prime number, f must be of degree 1 with the image a quintic surface with 4 elliptic singular points of degree 1. Since a nonsingular member of H is of genus g = 1+ 1 2 (H 2 +H ·K V ) = 6, and this coincides with the arithmetic genus of a plane section of a quintic surface, the image of f is a normal surface. So, all the assertions of the theorem are proven.
The fundamental group
We shall start with the following Lemma 5.1. Assume V contains a (−2)-curve C. Then C is a component of one of the members of the pencil |3K V − R| which passes through a point Q i , i = 0. Moreover, its image in the quintic model is a conic which passes through two of the four singular points a i .
Proof. Suppose C is a (−2)-curve. Since (3K V − R) · C = −R · C and C = R, we get that C · R = 0 and C is contained in a member of |3K V − R|. If C does not contain one of the points Q i , then the involution σ 2 has no fixed points on C, and the orbit of C under the group (σ) consists of 4 disjoint (−2)-curves. Using the argument from the proof of Corollary 3.6, we find that there are too many irreducible components contained in reducible fibres of |3K V − R|.
Thus C must belong to one of the divisors D i from Corollary 3.6. As we have already noticed in the proof of Theorem 3.7, the case (iii) of Corollary 3.6 does not occur for our surfaces. Thus there are four of the curves C forming an orbit with respect to (σ). Each (σ 2 )-orbit is contained in one reducible fibre of |3K V − R|. Let D = 2A + C + σ 2 (C) be one of the reducible members of the pencil |3K V − R| which contains a (−2)-curve C as in case (ii) of Lemma 3.5, and let E i be one of the four elliptic curves blown up from the singular points of the quintic. Then
It follows from the proof of Theorem 3.7 that E i · A = 0. This implies that E i · A = 1 and E i intersects C + σ 2 (C) at one point. Now repeating this argument for the member σ(D) of |3K V − R| we find that E i intersects one more (−2)-curve σ(C) (or σ 3 (C)). Thus each E i intersects exactly two (−2)-curves. This implies that each (−2)-curve C intersects two elliptic curves E i each with multiplicity 1. Now
e. the image of C in the quintic model is a conic passing through two singular points a i .
Proof. It is enough to show that Tors H 1 (V, Z) = 0. Consider the bicanonical system |2K V | on V . A nonzero torsion divisor τ will cause a splitting
For each nonzero torsion divisor τ the linear systems |K V + τ | consists of a unique curve C τ with χ(C τ , O C τ ) = −1. We have C τ · C −τ = 1; moreover these two curves must intersect at a base point of |3K V | ( [M] , Theorem 2). Since |3K V − R| is base point free, this intersection point must lie on R, thus this member of |2K| must intersect R at one point with multiplicity two.
Recall that the bicanonical system |2K V | is generated by the pullback of the pencil of quadrics Q(λ, µ) = λY T + µXZ in P 3 . We can also consider this system as the pullback of a pencil on V /σ 2 ; since 2K V · R = 2, the general member of this pencil will intersect this rational curve at two points, and there will be exactly two members which intersect R at one point with multiplicity two. We have already two of them coming from the two reducible quadrics. In fact,
and σ 2 switches the two components of the reducible quadric. Thus any splitting of 2K V as C τ + C −τ must come from one of the reducible quadrics.
Let us consider these reducible members Y T and XZ of the bicanonical system. Each hyperplane section X, Y, Z, and T of P 3 is equivalent in V to π
thus each irreducible component of the reducible quadrics defines on V a curve of arithmetic genus 1. Since C τ 2 = C τ · K V = 1, this shows that the curves C τ cannot be irreducible. Suppose C τ is reducible. Since K V is nef, and C τ · K V = 1, C τ can contain only one irreducible component which is not a (−2)-curve. Let us denote this component by C ′ τ . Let us write C τ = C ′ τ + Z, where Z is the sum of (−2)-curves. Since
From the previous lemma we know that for each irreducible component C of Z, we have Z · π * (H) = 2. Thus Z = 0, or Z = C or Z = C 1 + C 2 , where we do not assume that C 1 = C 2 .
Case 1: Z = C 1 + C 2 . We have
Recall that each (−2)-curve C intersects two E i 's. If C 1 = C 2 , we take E i such that C 1 · E i > 0 and get a contradiction. If C 1 = C 2 and C 1 , C 2 are not in the same divisor D ∈ |3K V − R|, then we can find E i which intersects both C 1 and C 2 . This follows from a simple combinatorial argument using the fact that each E i intersects exactly one (−2)-component of a reducible divisor D from |3K V − R|. So, applying (5.1), we get a contradiction. If C 1 and C 2 are in the same divisor D ∈ |3K V − R|, then two E i 's, say E 1 and E 2 , with multiplicity 1. The residual conic defines a divisor Z ′ ∈ |π
The only solution is a = b = 2. Thus
and Z ′ is a (−2)-curve. Since the image of C ′ τ in the quintic model is a plane cubic, one of the plane components of the reducible quadric which contains π(C ′ τ ) must also contain the residual conic Z ′ , and
This is obviously impossible. Therefore a decomposition of 2K as (K V + τ ) + (K V − τ ) cannot occur, and we have shown that there are no torsion divisors on V .
We next prove the following result:
By Lemma 5.2, it suffices to show that π 1 (V ) is commutative. As before, write V ′ → V for the blowup of the five isolated fixed points of σ 2 , and p : V ′ → F for the double cover of the rational surface F branched along the divisor
is the pre-image of the curve R on V ′ , and R i = p −1 (Z i ) are the five (−1)−curves on V ′ blown up from the isolated fixed points of σ 2 . The curveW is fixed by σ 2 , while σ fixes Z 0 and two points onW . Since V ′ is birational to V , it suffices to show that π 1 (V ′ ) is commutative. The rational surface F is a blowup of the plane, so that π 1 (F − W ′ ) is generated by the image of the fundamental group of L − W ′ where L is the pre-image on F of a line on P 2 . Abusing the terminology we shall still call L a line. Since V ′ is the double cover of
can be chosen corresponding to small loops γ i around the intersection points of L and W , such that the product γ 0 . . . γ n is trivial. The even products of the γ i generate π 1 (V ′ ); the relations in π 1 (V ′ ) are γ i 2 = 1 plus those coming from π 1 (F − W ′ ). We will choose the line L on F by considering the fibres of the map ϕ : V → P 1 associated to the genus two pencil |3K V − R|. This is the pullback of the pencil of lines in the plane through q, the order four point of the branch curve W . The member of this pencil through Q 0 , the isolated fixed point of σ, is decomposed as A 0 + A 0 ′ , the sum of two elliptic (−1) curves which are interchanged by σ. The curves A 0 and A 0 ′ meet only at Q 0 , and each intersects R in three points. The pre-image of A 0 + A 0 ′ on V ′ is the σ-invariant divisor A 0 + A Thus we obtain a surjective homomorphism of groups
Lemma 5.5. The map
is surjective.
Proof. Consider the diagram
By Lemma 5.4, the bottom horizontal map is surjective. Since F −W ′ is an unramified cover ofF −W ′ , π 1 (F − W ′ ) → π 1 (F −W ′ ) is injective. Also the left vertical map is surjective, since ℓ − W ′ is isomorphic tol −W ′ . Thus any element in π 1 (F − W ′ ) can be lifted to π 1 (ℓ − W ′ ).
Thus the fundamental group of F − W ′ is equal to the image of π 1 (ℓ − W ′ ). Next consider the commutative diagram
The vertical arrows are injections onto a subgroup of index 2. By Lemma 5.5 the bottom horizontal arrow is surjective. Thus the top horizontal arrow is surjective. Finally consider the commutative diagram
corresponding to the natural embeddings of the corresponding varieties. Since the vertical arrows are surjective, we obtain that the lower horizontal arrow is surjective. Thus the fundamental group of V ′ is the image of the fundamental group of an elliptic curve, which is commutative. Therefore π 1 (V ) = H 1 (V, Z) = {1}, and V is simply connected.
Comparison with Barlow surfaces
Here we prove that our surfaces are not isomorphic to Barlow surfaces. Since any Barlow surface contains four (−2)-curves it suffices to show that V does not contain any such curves. Proof. By Lemma 5.1, the set of nodal curves consists of four disjoint curves C, σ(C), σ 2 (C), and σ 3 (C). We have
where A, A ′ are two disjoint curves of arithmetic genus 1 with A 2 = A ′2 = −1. We take the double cover of V branched along the four (−2)−curves, f : Z → V . We have 
We also have
On Z the branch curves σ i C are disjoint (−1)−curves; blowing these four curves down gives a surface Z ′ with K Z ′ 2 = 2. There are two possibilities for Z ′ : either p g = q = 1, or p g = q = 0, in which case Z ′ is a numerical Campedelli surface. We next show that neither case can occur, and therefore V cannot contain a (−2)−curve.
First suppose p g = q = 1. Since p g (Z) = p g (V ) + h 0 (V, O V (K V + L)) and p g (V ) = 0, the space H 0 (O V (K V + L)) is one-dimensional. We have
This implies that the unique divisor from |K V + L| contains all nodal curves σ i (C). But then K V + L −
